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THEORETICAL DERIVATION
We summarize here the theoretical formalism of the scan-free
direct measurement approach described in the manuscript with
details. Any state vector |ψ〉 of a pure quantum system in one
Hilbert space spanned by A can be written as
|ψ〉 = ∑
i
ci|ai〉, (S1)
where ci ≡ 〈ai|ψ〉 is the probability amplitude at state |ai〉.
Note that ci cannot be accessed directly through strong mea-
surements, which typically can only measure |ci|2, and that
quantum tomography reconstructs ci indirectly using post-
processing. The set {ci} is the state vector expressed in the A
basis. Alternatively, the state can also be expressed in A’s com-
plementary Hilbert space spanned by B as follows:
|ψ〉 = ∑
i
c˜i|bi〉, (S2)
where {c˜i} is the set of probability amplitudes of the state ex-
pressed in the B basis, and {c˜i} relates to {ci} through, e.g., a
Fourier transform when A and B are position and momentum
bases, respectively.
Consider a weak measurement of the projection operator
πbj ≡ |bj〉〈bj| followed by a strong measurement on each state
|F〉 = |ai〉 in the A basis. In this case, the definition gives the
weak value
〈πbj 〉wai =
〈ai|bj〉〈bj|ψ〉
〈ai|ψ〉 =
ν
〈ai|ψ〉 , (S3)
where ν = 〈ai|bj〉〈bj|ψ〉, whose magnitude is independent of
i when the weak and final measurements are on mutually un-
biased bases. Moreover, there is in general only one choice of
|bj〉 for which the complex value of ν becomes independent of
i. Choosing such j as the weak projection operator ensures that
the obtained weak values 〈πbj 〉wai are proportional to the inverse
of the complex probability amplitudes ci through a constant fac-
tor. Thus, one can express the state vector using the weak val-
ues
|ψ〉 = ∑
i
ν
〈πbj 〉wai
|ai〉. (S4)
Note that since the weak measurement is performed in the com-
plementary B basis, all the complex probability amplitude coef-
ficients of |ψ〉 in the A basis can be obtained simultaneously.
The normalization of the magnitude of the wavefunction to
unity consequently determines the value for ν.
Furthermore, the wavefunction is determined by measuring
a pointer state. The pointer’s position indicates the real part of
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the weak value 
[
〈πbj 〉wai
]
, and the pointer’s momentum indi-
cates the imaginary part 
[
〈πbj 〉wai
]
.
We here summarize the von Neumann formulation to de-
scribe the coupling between the system and the pointer observ-
ables. While our formalism can be applicable to a quantum sys-
tem in any Hilbert space and an appropriate pointer state, we
here use an example in which the system is the complex spatial
wavefunction and the pointer is the polarization state. In such
a case, the Hamilton describing the interaction can be given by
Hˆ = α pˆ0 · σˆ2, (S5)
where sin α is a constant indicating the strength of the coupling,
and where we use the second Pauli operator σˆ2 ≡ −i(|H〉〈V| −
|V〉〈H|) to denote the rotation of the linear polarization state of
the photons using an half-wave plate in analogy to the interac-
tion of the spin of a particle with an electromagnetic field. In
our experiment, α refers to the angle by which the polarization
of the photons are rotated at one particular p0 state in the com-
plementary basis. Here a weak measurements indicates that
the value of α is small. The measurement pointer is initially as-
sumed to be in a vertical polarization denoted by |si〉 = [0 1]T.
The system-pointer state is modified first by the weak measure-
ment through a unitary interaction Uˆ = exp(−iHˆt/h¯). A small
coupling constant t sin α indicates a weak interaction between
the first measurement and the system. In such a case, Uˆ can
be approximated using a truncated Taylor expansion, and the
system-pointer state evolves as follows:
|Ψ(t)〉 ≈
(
1 − iHˆt
h¯
)
|ψ〉|si〉
= |ψ〉|si〉 − it sin αh¯ pˆ0|ψ〉σˆ2|si〉 (S6)
The consequent strong measurement of the system observ-
ables in the position basis can be expressed as follows:
〈x|Ψ(t)〉 = 〈x|ψ〉|si〉 − it sin αh¯ 〈x| pˆ0|ψ〉σˆ2|si〉. (S7)
Consequently, the final pointer polarization state is given by
|sf〉 ≈ |si〉 − it sin αh¯
〈x| pˆ0|ψ〉
〈x|ψ〉 σˆ2|si〉
= |si〉 − it sin αh¯ 〈πp0 〉
W
x σˆ2|si〉. (S8)
Note that the x-dependent weak value 〈πp0 〉Wx shows up in
the expression of the final polarization state. Using this ex-
pression for the final pointer (polarization) state, we can cal-
culate the expectation value of the first Pauli operator σˆ1 ≡
(|H〉〈V|+ |V〉〈H|) on the final polarization state as follows:
〈sf|σˆ1|sf〉 = 〈si|σˆ1|si〉 − it sin αh¯
[
〈πp0 〉Wx 〈si|σˆ1σˆ2|si〉 −
〈πp0 〉W†x 〈si|σˆ2σˆ1|si〉
]
=
−2t sin α
h¯

[
〈πp0 〉Wx
]
. (S9)
Note that we here only keep up to the first order terms of the
weak coupling coefficient t sin α. Similarly, we can also calcu-
late the expectation value of σˆ2, which is given by
〈sf|σˆ2|sf〉 = 〈si|σˆ2|si〉 − it sin αh¯
[
〈πp0 〉Wx 〈si|σˆ2σˆ2|si〉 −
〈πp0 〉W†x 〈si|σˆ2σˆ2|si〉
]
=
2t sin α
h¯

[
〈πp0 〉Wx
]
. (S10)
Using the above two results, the complex probability ampli-
tude of the system in the |x〉 basis can be expressed as follows:
〈x|ψ〉 = ν〈πp0 〉wx
=
ν′
〈sf|σˆ1|sf〉 − i〈sf|σˆ2|sf〉
, (S11)
where ν′ is also a normalization constant that is independent of
x.
The above derivation has shown that by measuring the
position-dependent final polarization state |sf〉 using two com-
plementary polarization projection operators, one can directly
obtain the complex probability amplitude of the entire state vec-
tor without the need of scanning through each state.
CLASSICAL DESCRIPTION
We here rewrite the theoretical derivation for our proposed di-
rect measurement technique using classical language. The clas-
sical analogue of a pure transverse photon state is a spatially
coherent beam, which we assume to be vertically polarized.
The transverse profile of the beam at the input plane can be
expressed as
Ein(x, y) = eˆyEy(x, y) = eˆyA(x, y)eiφ(x,y). (S12)
The beam passes through a 4 f system. The transverse field
distribution at the mutual focal plane of the two lenses is the
Fourier transform of the input field:
U(ξ, η) = eˆyUy(ξ, η) = eˆyF
{
A(x, y)eiφ(x,y)
}
, (S13)
where f is the focal length of the lenses.
The weak measurement is to apply a small polarization rota-
tion on the field component passing through a small area near
the center of the focal (ξ, η) plane. The angle α of polarization
rotation is sufficiently small such that, to the first order of ap-
proximation, the horizontally polarized field at the center of the
focal plane is almost not altered as follows
U′y(ξ = 0, η = 0) = cos θUy(0, 0)
≈ (1 − α2)Uy(0, 0) ≈ Uy(0, 0). (S14)
Since the field passing through other areas on the focal plane is
not changes at all, the total transmitted field in the horizontal
polarization can be approximated as the input field U′x(ξ, η) ≈
Ux(ξ, η). Meanwhile, we have generated a point source in the
vertical polarization
U′x(ξ, η) = sin αUy(ξ, η)δ(ξ, η) ≈ αUy(ξ, η)δ(ξ, η). (S15)
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The transverse field profile E(x′, y′) at the image plane of
the 4 f system is the inverse Fourier transform of the field at the
mutual focal plane. Its y-polarization component is given by
Ey(x′, y′) = F−1
{
U′y(ξ, η)
}
≈ F−1 {Uy(ξ, η)
}
= F−1
{
F
{
A(x, y)eiφ(x,y)
}}
= A(−x′,−y′)eiφ(−x′ ,−y′). (S16)
One sees that Ey(x′, y′) is approximately identical to the input
field Ey(−x′,−y′). In addition, we obtain a x-polarized field
component through the polarization rotation as follows:
Ex(x′, y′) = F−1
{
U′x(ξ, η)
}
= F−1 {αδ(ξ, η)} ≡ B. (S17)
One sees that the x-polarized field is a plane wave with constant
amplitude B. Note that since the polarization rotation angle α
is chosen to be sufficiently small, we here assume that B 	
Ex(x′, y′) for most of the cases.
Combining the results of the two polarization components,
we can obtain the expression for the transverse vectorial field at
the image plane as follows:
Es(x′, y′) = eˆxEx(x′, y′) + eˆyEy(x′, y′)
= eˆxB+ eˆyA(x′, y′)eiφ(x
′ ,y′). (S18)
One sees that the polarization state of the field depends on
the transverse coordinate (x′, y′). We can describe the position-
dependent polarization state in terms of Stokes parameters. In
specific, we have
S2 =
Id − Ia
Id + Ia
, (S19)
S3 =
Il − Ir
Il + Ir
, (S20)
where Id, Ia, Il and Ir are the intensity profile of the field compo-
nent in the diagonal linear, anti-diagonal linear, left-handed cir-
cular and right-handed circular polarization bases, respectively,
and are given by
Id =
1
2
(
A2 + B2 + 2AB cos φ
)
, (S21)
Ia =
1
2
(
A2 + B2 − 2AB cos φ
)
, (S22)
Il =
1
2
(
A2 + B2 − 2AB sin φ
)
, (S23)
Ir =
1
2
(
A2 + B2 + 2AB sin φ
)
. (S24)
Here, the spatial dependence of all the quantities are not explic-
itly shown for the purpose of simplicity. Using these results,
one can obtain the following relation between the Stokes pa-
rameter and the original transverse complex field profile:
S2(x
′, y′) = 2A(x
′, y′)B cos φ(x′, y′)
A(x′, y′)2 + B2
≈ 2B cos φ(x
′, y′)
A(x′, y′)
= 
{
2B
A(x′, y′)eiφ(x′ ,y′)
}
, (S25)
and
S3(x
′, y′) = − 2A(x
′, y′)B
A(x′, y′)2 + B2
sin φ(x′, y′)
≈ − 2B
A(x′, y′) sin φ(x
′, y′)
= 
{
2B
A(x′, y′)eiφ(x′ ,y′)
}
, (S26)
In other words, the transverse complex amplitude profile of the
beam is given by
Ein(x, y) = eˆy
2B
S2(−x,−y) + iS3(−x,−y) . (S27)
The above expression shows that the rotation of the polarization
state of the field in the diagonal–anti-diagonal linear bases and
in the left–right-handed circular bases are directly proportional
to the real and imaginary part, respectively, of the inverse of the
transverse complex amplitude profile of the beam.
Note that the quantum and classical descriptions are equiva-
lent to each other for our example of measuring the transverse
spatial wavefunction / amplitude profile. However, the two in-
terpretations can be developed further towards different direc-
tions in quantum and classical metrology science, respectively,
for which may not share a direct analogue anymore.
EXPERIMENTAL PROCEDURE
A single-longitudinal-mode 532 nm laser (Coherent Compass
M315) is used as the photon source. The linearly polarized
beam is expanded using a 100X beam expander before shining
on a phase-only spatial light modulator (SLM; CambridgeCor-
relaters SDE1024). Computer generated holograms are im-
posed on the SLM and the photons in the first diffraction order
are identically prepared with the desired complex wavefunc-
tion to be measured.
The photons then pass through a 4 f imaging system ( f =
1000 mm), and the weak measurement is applied on the mo-
mentum space, i.e., the mutual focal plane of the two lenses. As
shown in Fig. S1, the weak measurement apparatus comprises a
half-wave plate (HWP), a second phase-only SLM (Hamamatsu
X10468) and a quarter-wave plate (QWP). The SLM works in re-
flection mode, and it changes the phase of reflected field in hor-
izontal polarization with negligible influence on the vertically-
polarized field. The HWP is positioned to rotate the orienta-
tion of the linear polarization before the photons are launched
onto the SLM. The birefringent response of the SLM changes
the polarization of the reflected light, and the two waveplates
are adjusted such that the linear polarization of the reflected
photons remains in the vertical direction when the SLM is set at
zero phase shift, but is rotated by approximately 19◦ when the
SLM is set with a phase shift of approximately 42◦. To apply
the weak measurement, only the polarization state of photons
within an area of 2-by-2 pixels near the zero-momentum state is
rotated (see the phase profile of the SLM illustrated in Fig. S1).
Such an area is comparable to the diffraction limited spot size of
the incident photons with the imaging system used, and there-
fore we are effectively rotating only the polarization of photons
in a single momentum state of p = 0.
A strong measurement is performed at the position basis, i.e.,
the image plane of the 4 f system using a camera (Canon 5D
Mark III). Before the photons hit the camera, a polarization sep-
aration apparatus is used. A beam splitter (BS) is first used to
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Fig. S1. Experimental realization of the weak measurement.
The incoming photons in vertical polarization pass through a
half-wave plate (HWP), a phase-only SLM placed at the focal
plane of a folded 4 f system and a quarter-wave plate (QWP).
The SLM only responds to horizontal polarization, and is set
at 42◦ of phase shift for an area of 2-by-2 pixels in the center
and at 0◦ phase shift for the rest. The birefringent response of
the SLM changes the polarization of the reflected photons. The
two waveplates are adjusted such that the linear polarization
of the reflected photons remains vertical for most of the time,
but is rotated by approximately 19◦ when the photons are re-
flected from the central area of the SLM.
split the photons into two paths. The first path goes through a
HWP and a PBS. The HWP is adjusted such that the two exits
of the PBS corresponds to the photons projected in the diago-
nal (D) and anti-diagonal (A) linear polarization bases. The dif-
ference between these two images, i.e., 〈sf(x)|σˆ1|sf(x)〉, is pro-
portional to the real part of the weak value. The second path
goes through a QWP, a HWP, and a PBS. The HWP and QWP
are adjusted such that the two exits of the PBS corresponds to
the photons projected in the left-handed (L) and right-handed
(R) circular polarization bases. The difference between the two
images in this case, i.e., 〈sf(x)|σˆ2|sf(x)〉, is proportional to the
imaginary part of the weak value. The entire state vector is
then obtained by taking the inverse of the weak value profile.
The average power of the identically prepared photons is ap-
proximately 18 μW, and our camera-limited integration time
is 125 μsec, which corresponds to an average of approximately
2500 photons per position state per polarization state. To mea-
sure continuously the complex wavefunction of photons with
dynamically varying phase profiles, we use the same camera in
video mode with a frame rate of 12 frame per second.
EFFECTIVE DIMENSIONALITY OF THE MEASURED
STATE
The position basis is a continuous Hilbert space, and the dimen-
sionality of our measured state is calculated by the spatial ex-
tent of the photons and the discrete nature of our detector array.
However, the number of independent degrees of freedom in the
transverse space is further limited to a finite number due to the
effects of diffraction of any practical optical system. The effec-
tive dimension of the measured state in the position space is
consequently reduced to the space-bandwidth-product (SBP) of
the optical system used in the experiment. Physically, the SBP
corresponds to the number of diffraction-limited spots that fit
within the spatial extent of the prepared state. The image size
is approximately 7× 7 mm2. The diffraction-limited spot size is
estimated from Fraunhofer diffraction theory using the numeri-
cal aperture of the system, which is given by δx ≡ 0.61λ/NA ≈
26 μm. Thus, the effective dimensionality of the measured state
is calculated as SBP = (7mm/26μm)2 = 7.3 × 104. Note that
this number can be arbitrary enlarged by optimizing the mea-
surement apparatus, such as using larger optical components
and a larger-area detector array, and there is no upper limit on
the dimensionality that our direct method can measure with a
single experimental setting.
ESTIMATION OF THE EFFICIENCY OF THE MEASURE-
MENT
The efficiency of the measurement is characterized by the pro-
portion of incident photons that contributes to the final mea-
sured weak values. While such an efficiency indeed depends
on the incident complex transverse state of the incident pho-
tons, we here give some back-of-the-envelope estimation. The
definition of the weak value [see Eq. (S3)] contains a term of
〈x|p0〉, which has a magnitude of the order of 1/N, where N
is the dimension of the measurement space. Meanwhile, the
expressions of the measurable quantities, i.e., the expectation
value of the Pauli operator [see Eqs. (S9) and (S10)] contain a
factor of sin α, which is the strength of the weak measurement.
Furthermore, the probability of a photon to be in a particular
position |x〉 is of the order of 1/N. Combining such three fac-
tors, we can obtain an approximated bound for the efficiency
to measure the photon’s complex probability amplitude at one
position x to be generally of the order of sin α/N2. This estima-
tion is generally valid for all reported direct measurement pro-
cedures. However, since the complex probability amplitudes at
all position states of interest can be measured simultaneously,
the total efficiency to characterize the entire state vector for our
scan-free approach becomes of the order of sin α/N.
